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We present our Finsler spacetime formalism which extends the standard formulation of
Finsler geometry to be applicable in physics. Finsler spacetimes are viable non-metric
geometric backgrounds for physics; they guarantee well defined causality, the propagation
of light on a non-trivial null structure, a clear notion of physical observers and the
existence of physical field theories determining the geometry of space-time dynamically
in terms of an extended gravitational field equation. Here we give the precise definition
of Finsler spacetimes and the notion of well-defined observers, their measurements, the
transformations between them and how to formulate action based field theories.
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1. Finsler spacetimes
The standard textbook formulation of Finsler geometry1 is a well known extension
of Riemannian metric geometry based on a general length measure S for curves γ
L[γ] =
∫
F (γ, γ˙), (1)
rather then on a positive definite metric g which induces the length measure via
F =
√
gab(γ)γ˙aγ˙b. It has the shortcoming that it can not be used as a generalization
of Lorentzian metric spacetime geometry, since the geometric objects like connec-
tions and curvature are not well-defined in case F has a non-trivial null structure.
Our definition of Finsler spacetimes solves this problem and sets the stage for the
application of non-metric Finslerian spacetime geometry in physics by introducing
a smooth n-homogeneous fundamental geometry function L(x, y) on the tangent
bundle. For the tangent bundle TM of the spacetime manifold M we use manifold
induced coordinates (x, y) = Z ∈ TM,Z = ya∂a|x and {∂a = ∂∂xa , ∂¯a = ∂∂ya } as
basis of T(x,y)TM , see our articles 2,3 for all details.
A Finsler spacetime (M,L, F ) is a smooth manifold M and a smooth function
L on the tangent bundle, homogeneous of degree n with respect to y such that:
(1) L is reversible |L(x,−y)| = |L(x, y)|,
(2) gLab =
1
2 ∂¯a∂¯bL is non-degenerate on TM \A; A ⊂ TM of measure zero,
(3) ∀x ∈ M there exists a non-empty closed connected set Sx ∈ TxM where:
|L(x, y)| = 1 and sign(gLab) = (,−,−,−) with  = |L(x,y)|L(x,y)
The Finsler function is F (x, y) = |L(x, y)|1/n, the Finsler metric gFab = 12 ∂¯a∂¯bF 2.
Our definition of Finsler spacetimes guarantees a causal structure in each tan-
gent space: Sx is the shell of unit timelike vectors which defines a cone of timelike
directions with null boundary, as displayed in figure 1.
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Fig. 1. Causal structure of Finsler spacetime.
The geometry of Finsler spacetimes is solely derived from derivatives of
L in terms of the unique Cartan non-linear connection coefficients: Nab =
1
4 ∂¯b(g
Laq(ym∂m∂¯qL−∂qL)). The connection between our definition of Finsler space-
times and standard Finsler geometry is given by the following theorem: Wherever
L and F are both differentiable they encode the same geometry, i.e. N [L] = N [F 2].
The fact that Finsler spacetimes are built from a smooth function L enables us
to consider for example geometries based on L = Ga1...any
a1 ...yan with non-trivial
null-structure. In standard Finsler geometry this would not be possible since the
geometric objects based on derivatives of F = (Ga1...any
a1 ...yan)1/n would not be
well defined on the null-structure of spacetime.
2. Observers
The connection coefficients N split TTM and T*TM into horizontal and vertical
space by {δa = ∂a − N ba∂¯b, ∂¯a} and {dxa, δya = dya + Navdxb}, as displayed in
figure 2. The horizontal (co-)tangent space is identified with the (co-)tangent space
along the manifold directions. Timelike observers move on worldlines x(τ) ∈ M
with trajectory (x, x˙) ∈ TM and x˙ in the cone of timelike vectors. A horizontal
orthonormal frame defines their time and space directions along the manifold {ea} =
{e0 = x˙aδa, eα}; gF(x,x˙)(eµ, eν) = −ηµν . Measurable quantities are components of
horizontal tensors evaluated in this frame at the observers TM position.
Frames of different observers e and f are located in different tangent spaces
to TM , even if they are at the same position of spacetime, see fig. 3. Therefore
the transformation from one observer frame e to the other f involves first parallel
transport of frame e, to the tangent bundle position of the other observer frame
f along the vertical geodesic v(t). There the transported frame eˆ and f are living
in the same tangent space to TM and can therefore be mapped onto each other
by a linear transformation, which turns out to be a Lorentz transformation. The
combination of parallel transport and Lorentz transformation form a groupoid. All
technical details and the proofs of the statements can be found in Ref. 2.
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Fig. 2. Left: Horizontal and vertical tangent space to the tangent bundle.
Fig. 3. Right: Transformations between observers.
3. Field theories and gravitational dynamics
The geometry of Finsler spacetimes is built from tensors on TM ; hence physical
fields coupling to this geometry will be of the same kind. Lagrange densities on TM
require the canonical Sasaki-type TM -metric G = −gF ab(dxadxb + F−2δyaδyb),
which allows us to couple field theories to Finsler spacetime geometry as follows:
Pick an action for a p-form φ(x) on (M, g) : S[φ, g] =
∫
M
√
gL(g, φ, dφ), use the
Lagrangian for a zero homogeneous p-form field Φ(x, y) on (TM,G), introduce La-
grange multipliers to restrict the p-form field to be horizontal, integrate over the
unit tangent bundle Σ = {(x, y) ∈ TM |F (x, y) = 1} to obtain the p-form field ac-
tion Sm[Φ, L, λ] =
∫
Σ
(
√
gFhFL(G,Φ, dΦ) +λ(1−PH)Φ)|Σ. Our coupling principle
ensures that in case the Finsler spacetime is metric, field theories and gravitational
dynamics equal those of general relativity.
The geodesic deviation on Finsler spacetimes gives rise to a tensor causing rel-
ative gravitational acceleration ∇x˙∇x˙V a = Rabc(x, x˙)x˙bV c. This non-linear cur-
vature is built from the non-linear connection coefficients leads to the curvature
scalar RF = Raabyb which we choose as Lagrangian for our Finsler gravity action
S[L,Φ] =
∫
Σ
(
√
gFhFRF )|Σ + Sm[L,Φ]. Variation with respect to the L yields the
Finsler gravity field equation
gFab∂¯a∂¯bR
F − 6
F 2
RF + 2gFab
(∇aSb + SaSb + ∂¯a(yq∇qSb)) = −κT|Σ . (2)
In case the function L is the metric length measure the Finsler gravity equation is
equivalent to the Einstein equations. Details and a first order perturbative solution
of the Finsler gravity equation can be found in Ref. 2.
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